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Abstract. We study Yang-Mills connections on holomorphic
bundles over complex Ka¨hler manifolds of arbitrary dimension, in
the spirit of Hitchin’s and Simpson’s study of flat connections. The
space of non-Hermitian Yang-Mills (NHYM) connections has di-
mension twice the space of Hermitian Yang-Mills connections, and
is locally isomorphic to the complexification of the space of Hermi-
tian Yang-Mills connections (which is, by Uhlenbeck and Yau, the
same as the space of stable bundles). Further, we study the NHYM
connections over hyperka¨hler manifolds. We construct direct and
inverse twistor transform from NHYM bundles on a hyperka¨hler
manifold to holomorphic bundles over its twistor space. We study
the stability and the modular properties of holomorphic bundles
over twistor spaces, and prove that work of Li and Yau, giving
the notion of stability for bundles over non-Ka¨hler manifolds, can
be applied to the twistors. We identify locally the following two
spaces: the space of stable holomorphic bundles on a twistor space
of a hyperka¨hler manifold and the space of rational curves in the
twistor space of the “Mukai dual” hyperka¨hler manifold.
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1.1 An overview
In this paper we study non-Hermitian Yang-Mills (NHYM) connections on a
complex vector bundle B over a Ka¨hler manifold. By definition, a connection
∇ in B is Yang-Mills if its curvature Θ satisfies{
Λ(Θ) = const q id
Θ ∈ Λ1,1(M, End(B)), (1.1)
where Λ is the standard Hodge operator, and Λ1,1(M, End(B) is the space
of (1, 1)-forms with coefficients in End(B) (see Definition 2.1 for details).
This definition is standard [UY], [Don]. However, usually ∇ is assumed to
be compatible with some Hermitian metric in B. This is why we use the
term “non-Hermitian Yang-Mills” to denote Yang-Mills connections which
are not necessarily Hermitian.
An important analogy for our construction is the one with flat connec-
tions on a complex vector bundle B. Recall that when c1(B) = c2(B) = 0,
Hermitian Yang-Mills connections are flat (Lu¨bcke’s principle; see [Sim1]).
The moduli of flat, but not necessary unitary bundles is a beautiful subject,
well studied in literature (see, e. g. [Sim2]). This space has dimension
twice the dimension of the moduli space of unitary flat bundles and has a
natural holomorphic symplectic form. Also, generic part of the moduli of
non-unitary flat bundles is equipped with a holomorphic Lagrangian2 fibra-
tion over the space of unitary flat connections.
When c1(B) = c2(B) = 0, the flat connections are in one-to-one corre-
spondence with those holomorphic structures on B which make it a polystable3
holomorphic bundle [UY], [Sim1]. For arbitrary bundle B, a similar state-
ment holds if we replace “flat unitary” by “Hermitian Yang-Mills”. Thus, it
is natural to weaken the flatness assumption and consider instead all Her-
mitian Yang-Mills connections. The non-Hermitian Yang-Mills connections
that we define correspond then to connections that are flat but not neces-
sarily unitary. The basic properties listed above for non-unitary flat bundles
hold here as well. We show that the moduli space of NHYM connections
has dimension twice the dimension of the moduli of Hermitian Yang-Mills
connections and is naturally equipped with a holomorphic symplectic form.
As in the case of flat bundles, generic part of the moduli of NHYM connec-
tions has a holomorphic Lagrangian fibration over the space of Hermitian
Yang-Mills connections.
2Lagrangian with respect to the holomorphic symplectic form.
3By polystable we will always mean “a direct sum of stable”. Throughout the paper,
stability is understood in the sense of Mumford-Takemoto.
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Let us give a brief outline of the paper. Fix a compact Ka¨hler manifold
M with a complex vector bundle B. LetMs be the set of equivalence classes
of NHYM connections on B, and letMs0 ⊂Ms be the subset of connections
admitting a compatible Hermitian metric. Both sets turn out to have natural
structures of complex analytic varieties. Recall thatMs0 is a moduli space of
stable holomorphic bundles ([UY]; see also 2.12). After giving the relevant
definitions, in Section 1 we study the structure of Ms in the neighborhood
of Ms0. We prove that dimMs = 2dimMs0 in a neighborhood of Ms0.
Moreover, we identify the ring of germs of holomorphic functions on Ms
near Ms0 with the ring of real-analytic complex-valued functions on Ms0.
Thus an open neighborhood U ⊃ Ms is a complexification of Ms0 in the
sense of Grauert. We also construct a holomorphic 2-form on Ms which is
symplectic in a neighborhood of Ms0. This picture is completely analogous
to that for the space of flat connections, studied by Hitchin, Simpson and
others ([H],[Sim2]).
For concrete examples and applications of our theory, we consider the
case of NHYM-connections over a hyperka¨hler manifold (Definition 3.1). In
this case, it is natural to modify the NHYM condition. Every hyperka¨hler
manifold is equipped with a quaternion action in its tangent space. Since
the group of unitary quaternions is isomorphic to SU(2), a hyperka¨hler
manifold has the group SU(2) acting on its tangent bundle. Consider the
corresponding action of SU(2) on the space Λ
q
(M) of differential forms
over a hyperka¨hler manifold M . Then all SU(2)-invariant 2-forms satisfy
(1.1) (Lemma 3.4). Thus, if the curvature Θ of a bundle (B,∇) is SU(2)-
invariant, B is NHYM. Converse is a priori non-true when dimRM > 4:
there are 2-forms satisfying (1.1) which are not SU(2)-invariant. However,
as the discussion at the end of Section 3 shows, for bundles over compact
manifolds SU(2)-invariance of the curvature is a good enough approximation
of the NHYM property.
A connection in B is called autodual if its curvature is SU(2)-invariant
(Definition 3.6). For dimRM = 4, the autoduality, in the sense of our
definition, is equivalent to the anti-autoduality in the sense of 4-dimensional
Yang-Mills theory. Hermitian autodual bundles were studied at great length
in [V-bun].4 Most of this paper is dedicated to the study of non-Hermitian
autodual bundles over compact hyperka¨hler manifolds.
Consider the natural action of SU(2) in the cohomology of a compact
hyperka¨hler manifold (see the beginning of Section 3). Let B be a bundle
with the first two Chern classes c1(B), c2(B) SU(2)-invariant. In [V-bun] we
4In [V-bun], the term hyperholomorphic was used for “Hermitian autodual”.
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proved that every Hermitian Yang-Mills connection in B is autodual. It is
natural to conjecture that in such a bundle every NHYM connection is au-
todual. In Theorem 3.11, we prove a weaker form of this statement: namely,
in a neighbourhood of the space of Hermitian Yang-Mills connections, ev-
ery NHYM connection is autodual, assuming the first two Chern classes are
SU(2)-invariant. This is done by constructing an explicit parametrization
of this neighbourhood (Proposition 2.26).
Throughout the rest of this paper (starting from Section 4) we study
algebro-geometrical aspect of autodual connections. Two interdependent
algebro-geometric interpretations of autoduality arise. Both of these itter-
pretations are related to the twistor formalism, which harks back to the
works of Penrose and Salamon [Sal]. Twistor contruction is explained in
detail in Section 4; here we give a brief outline of this formalism.
Every hyperka¨hler manifold M has a whole 2-dimensional sphere of in-
tegrable complex structures, called induced complex structures; these
complex structures correspond bijectively to R-algebra embeddings from
complex numbers to quaternions (see Definition 3.2). We identify this 2-
dimensional sphere with CP 1. Gluing all induced complex structures to-
gether with the complex structure in CP 1, we obtain an almost complex
structure on the product M ×CP 1 (Definition 4.1). As proven by Salamon
[Sal], this almost complex structure is integrable. The complex manifold ob-
tained in this way is called the twistor space for M , denoted by Tw(M).
Consider the natural projections
σ : Tw(M) =M × CP 1 −→M, π : Tw(M) =M × CP 1 −→ CP 1;
the latter map is holomorphic. The key statement to the twistor transform
is the following lemma.
Lemma 1.1 Let (B,∇) be a bundle with a connection over a hyperka¨hler
manifold M , and
(σ∗B, σ∗∇)
be the pullback of (B,∇) to the twistor space. Then (σ∗B, σ∗∇) is holomor-
phic if and only if (B,∇) is autodual.
Proof. This is a restatement of Lemma 5.1.
This gives a natural map from the space of autodual connections on M
to the space of holomorphic bundles on Tw(M). We prove that this map is
injective, and describe its image explicitly.
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For every points x ∈M , the set σ−1(x) is a complex analytic submanifold
of the twistor space. The projection π|
σ−1(x)
: σ−1(x) −→ CP 1 gives a
canonical identification of σ−1(x) with CP 1. The rational curve σ−1(x) ⊂
Tw(M) is called a horisontal twistor line in Tw(M) (Definition 4.1).
The following proposition provides an inverse to the map given by Lemma
1.1.
Proposition 1.2 LetM be a hyperka¨hler manifold, Tw(M) its twistor space
and E a holomorphic bundle over Tw(M). Then E comes as a pullback of
an autodual bundle (B,∇) if and only if restriction of E to all horisontal
twistor lines is trivial as a holomorphic vector bundle. Moreover, this auto-
dual bundle is unique, up to equivalence.
Proof. This is a restatement of Theorem 5.12.
We obtained an identification of the set of equivalence classes of autodual
bundles with a subset of the set of equivalence classes of bundles over the
twistor space. We would like to interpret this identification geometrically, as
an identification of certain moduli spaces. The autodual bundles are NHYM.
The set of equivalence classes of stable NHYM bundles is equipped with a
natural complex structure and is finite-dimensional, as we prove in Section
2. This general construction is used to build the moduli space of autodual
bundles. It remains to define the notion of stability for holomorphic bundles
over the twistor space and to construct the corresponding moduli space.
The usual (Mumford-Takemoto) notion of stability does not work, because
twistor spaces are not Ka¨hler.5 We apply results of Li and Yau [LY], who
define a notion of stability for bundles over complex manifolds equipped with
a Hermitian metric satisfying a certain condition (see (4.9)). The twistor
space Tw(M) is isomorphic as a smooth manifold to CP 1 ×M and as such
is equipped with the product metric. This metric is obviously Hermitian.
We check the condition of Li and Yau for twistor spaces by computing the
terms of (4.9) explicitly. This enables us to speak of stable and semistable
bundles over twistor spaces.
Let E be a holomorphic bundle over Tw(M) obtained as a pullback
of an autodual bundle on M . We prove that E is semistable. This gives a
holomorphic interpretation of the moduli of autodual bundles on M . This is
the first of our algebro-geometric interpretations. The second interpretation
involves significantly more geometry, but yields a more explicit moduli space.
5Moreover, as can be easily shown, the twistor space of a compact hyperka¨hler manifold
admits no Ka¨hler metric.
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Let M be a compact hyperka¨hler manifold, and B a complex vector
bundle with first two Chern classes invariant under the natural SU(2)-action.
Let M̂ be the moduli space for the Hermitian Yang-Mills connections on B.6
Then M̂ is equipped with a natural hyperka¨hler structure ([V-bun]). The
first result of this type was obtained by Mukai [Mu] in the context of his
duality between K3-surfaces; we use the term “Mukai dual” for M̂ in this
more general situation.
Let X
pi−→ CP 1, X̂ pˆi−→ CP 1 be the twistor spaces for M , M̂ , equipped
with the natural holomorphic projections to CP 1. For an induced complex
structure L on the hyperka¨hler manifold M , we denote by (M,L) the space
M considered as a complex Ka¨hler manifold with L as a complex structure.
Identifying the set of induced complex structures with CP 1, we consider
L as a point in CP 1. Then, the complex manifold (M,L) is canonically
isomorphic to the pre-image π−1(L) ⊂ X. By iL we denote the natural
embedding (M,L) = π−1(L)
iL→֒ X. Let B be a stable holomorphic bundle
over (M,L), with the complex vector bundle B as underlying complex vector
space. In [V-bun], we produce a canonical identification between the moduli
space of such stable bundles and the space M̂ of autodual connections in
B. Let FB = iL∗B be the coherent sheaf direct image of B under iL. The
moduli space of such sheaves FB is naturally identified with X̂ (Section 7;
see also [V-bun]).
Consider a holomorphic section s of the map πˆ : X̂ −→ CP 1, that is, a
holomorphic embedding s : CP 1 −→ X̂ such that s ◦ πˆ = id. The image of
such embedding is called a twistor line in X̂ (Section 4).
Let E be a vector bundle over X such that the pullback iL∗E is stable
for all induced complex structures L ∈ CP 1. Such a bundle E is called
fiberwise stable (Definition 7.1). From Lemma 7.3 it follows that fiber-
wise stable bundles are also stable, in the sense of Li–Yau. We restrict our
attention to those bundles E which are, as C∞-vector bundles, isomorphic
to σ∗(B), where B is our original complex vector bundle on M .
Every fiberwise stable bundle E onX gives a twistor line sE : CP 1 −→ X̂
in X̂, where sE associates a sheaf iL∗iL
∗E to L ∈ CP 1. Since points of X̂
are identified with isomorphism classes of such sheaves, the sheaf iL∗iL
∗E
can be naturally considered as a point in X̂ .
Clearly, the moduli Stf (X) space of fiberwise stable bundles is open in
the moduli St(X) of stable bundles on X. This gives a complex structure on
Stf (X). The set Sec(X̂) of twistor lines in X̂ is equipped with a complex
6Such connections are always autodual, [V-bun].
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structure as a subset of the Douady space of rational curves in X̂ .7 We
constructed a holomorphic map from Stf (X) to Sec(X̂). We prove that
this map is in fact an isomorphism of complex varieties (Theorem 7.2). The
direct and inverse twistor transform give a canonical identification between
the moduli of autodual bundles on M and an open subset of the moduli of
semi-stable bundles on X. Thus, we obtain an identification of the moduli
of autodual bundles on M and the space of twistor lines in X̂ .
We must caution the reader that in this introduction we mostly ignore
the fact that all our constructions use different notions of stability; thus, all
identifications are valid only locally in the subset where all the flavours of
stability hold. The precise statements are given in Sections 5–7.
1.2 Contents
• Here are the contents of our article.
• The Introduction is in two parts: the first part explains the main
ideas of this paper, and the second gives an overview of its content,
section by section. These two parts of Introduction are independent.
The introduction is also formally independent from the main part and
vice versa. The reader who prefers rigorous discourse might ignore the
introduction and start reading from Section 2.
• Section 2 contains the definition of NHYM (non-Hermitian Yang-Mills)
connection. We give the definition of (0, 1)-stability for NHYM con-
nections and consider the natural forgetful map
π : Ms −→Ms0 (1.2)
from the space of (0, 1)-stable NHYM-connections to the moduli space
of stable holomorphic bundles. The fiber of this map is described
explicitly through a power series and the Green operator (Proposition
2.26). This map is also used to show that the moduli space of (0, 1)-
stable NHYM-connections is correctly defined and finite-dimensional
(Corollary 2.9).
Uhlenbeck–Yau theorem (Theorem 2.12; see also [UY]) provides a com-
patible Hermitian Yang-Mils connection for every stable holomorphic
bundle. This gives a section Ms0
i→֒ Ms of the map (1.2). We study
7Douady spaces are analogues of Chow schemes, defined in the complex-analytic (as
opposed to algebraic) setting.
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the structure of Ms in the neighbourhood of i (Ms0), and prove that
this neighbourhood is isomorphic to the complexification ofMs0 in the
sense of Grauert (Proposition 2.19).
• In Section 3, we recall the definition of a hyperka¨hler manifold and
consider NHYM bundles over a complex manifold with a hyperka¨hler
metric. We define autodual bundles over hyperka¨hler manifolds (Def-
inition 3.6) and show that all autodual bundles are NHYM (Proposi-
tion 3.9). We cite the result of [V-bun], which shows that all Hermi-
tian Yang-Mills connections on a bundle B are autodual, if the first
two Chern classes of B satisfy a certain natural assumption (SU(2)-
invariance; see Theorem 3.10). We also prove that, for a NHYM con-
nection ∇ sufficiently close to Hermitian, ∇ is autodual (Theorem
3.11).
• Further on, we restrict our attention to autodual connection over hy-
perka¨hler manifolds.
• Section 4 gives a number of definition and preliminary results from al-
gebraic geometry of the twistor spaces. We define the twistor space for
an arbitrary hyperka¨hler manifold (Definition 4.1). The twistor space
is a complex manifold equipped with a holomorphic projection onto
CP 1. For most hyperka¨hler manifolds (including all compact ones),
the twistor space does not admit a Ka¨hler metrics. This makes it dif-
ficult to define stability for bundles over twistor spaces. We overcome
this difficulty by applying results of Li and Yau ([LY]). We consider
the differential form which is an imaginary part of the natural Hermi-
tian metric on the twistor space. To apply [LY], we compute explicitly
the de Rham differential of this form (Lemma 4.4).
• In Section 5 we define the direct and inverse twistor transform relating
autodual bundles over a hyperka¨hler manifold M and holomorphic
bundles over the corresponding twistor space X. There is a map from
the set of isomorphism classes of autodual bundles on M to the set of
isomorphism classes of holomorphic bundles on X (Lemma 5.1). We
show that this map is an embedding and describe its image explicitly
(Theorem 5.12).
• In Section 6, we consider holomorphic bundles on the twistor space
obtained as a result of a twistor transform. We prove semistability of
such bundles. Thus, twistor transform is interpreted as a map between
moduli spaces.
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• In Section 7 we return to the study the algebro-geometric properties of
the twistor space. For a compact hyperka¨hler manifoldM and a stable
holomorphic bundle B onM , we consider the space M̂ of deformations
of B. When the first two Chern classes of B are SU(2)-invariant, the
space M̂ has a natural hyperka¨hler structure; this space is called then
Mukai dual toM . Let X, X̂ be the twistor spaces forM and M̂ . We
interpret the space of stable bundles on X in terms of rational curves
on X̂ (Theorem 7.2).
• In Section 8, we relate a number of conjectures and open questions
from the geometry of NHYM and autodual bundles.
2 The general case.
2.1 Definition of NHYM connections
Let M be a Ka¨hler manifold of dimension n with the real valued Ka¨hler
form ω. Consider a complex vector bundle B on M . Denote by An(B) the
bundle of smooth B-valued n-forms on B. Let
An(B) =
⊕
i+j=n
Ai,j(B)
be the Hodge type decomposition. The bundle End B of endomorphisms of
B is also a complex vector bundle. As usual, let
L : A q, q(End B)→ A q+1, q+1(End B)
be the operator given by multiplication ω. Let
Λ : A q+1, q+1(End B)→ A q, q(End B)
be the adjoint operator with respect to the trace form on End B.
Definition 2.1 A connection ∇ : B → A1(B) is called non-Hermitian
Yang-Mills (NHYM for short) if its curvature R ∈ A2(End B) is of Hodge
type (1, 1) and satisfies
Λ ◦R = c Id
for a certain constant c ∈ C.
Remark 2.2 This terminology is perhaps unfortunate, in that a NHYM
connection can (but need not) be Hermitian. We use the term for lack of
better one.
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To simplify exposition, we will always consider only NHYM connections
with the constant c = 0.
Let ∇ be a NHYM connection on B. Since the (0, 2)-component of
its curvature vanishes, the (0, 1)-component ∇0,1 : B → A0,1(B) defines a
holomorphic structure on B. We will call this the holomorphic structure
associated to ∇.
Let B∗ be the dual to the complex-conjugate to the complex bundle B.
Every NHYM-connection ∇ obviously induces a NHYM connection ∇∗ on
the dual bundle B∗. Let ∇ be the connection on B∗ complex-conjugate to
∇∗. The connection ∇ is also obviously NHYM. We will call it the adjoint
connection to ∇. The holomorphic structure on B∗ associated to ∇ will
be called the adjoint holomorphic structure associated to ∇. Note
that the adjoint holomorphic structure depends only on the (1, 0)-part ∇1,0
of the connection ∇.
2.2 Stability and moduli of NHYM connections.
Fix a compact Ka¨hler manifold M and a complex vector bundle B on M .
Consider the space A of all connections on B and let A0 be the subspace of
NHYM connnections. The space A is a complex-analytic Banach manifold,
and A0 ⊂ A is an analytic subspace of A. Let G = Maps(M,AutB) be the
complex Banach-Lie group of automorphisms of B. The group G acts on A
preserving the subset A0.
In order to obtain a good moduli space for NHYM connections, we need
to impose some stability conditions.
Definition 2.3 A NHYM connection ∇ is called (0, 1)-stable if the bundle
B with the associated holomorphic structure is a stable holomorphic bundle.
Further on, we sometimes use the term stable to denote (0, 1)-stable
connections.
Remark 2.4 This definition is sufficient for our present purposes. However,
it is unnaturally restrictive. See 8.3 for a more natural definition.
Let As ⊂ A0 be the open subset of (0, 1)-stable NYHM connections and
let
Ms = As/G
be the set of equivalence classes of (0, 1)-stable NHYM connections on B
endowed with the quotient topology.
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Choose a connection ∇ ∈ A0,∇ : B → A1(B). Let ∇ = ∇1,0 +∇0,1 be
the type decomposition and extend both components to differentials
D : A q,0(End B)→ A q+1,0(End B)
D : A0, q → A0, q+1(End B)
The tangent space T∇(A) equals T∇(A) = A1(End B). The NHYM equations
define a complex-analytic map
YM : A → A2,0(End B)⊕A0,2 ⊕A0(End B).
It is easy to see that the differential of YM at the point ∇ is given by
YM∇ = D+D+Λ∇ : A1(End B)→ A2,0(End B)⊕A0,2(End B)⊕A0(End B)
On the other hand, the differential at ∇ of the G-action on A is given by
∇ : A0(End B)→ A1(End B)
Definition 2.5 The complex
0→ A0(End B)→ A1(End B)→ A2,0(End B)⊕A0,2(End B)⊕A0(End B)
is called the deformation complex of the NHYM connection ∇.
Remark 2.6 The deformation complex has a natural structure of a differ-
ential graded Lie algebra.
Proposition 2.7 The deformation complex is elliptic.
Proof. Indeed, the complex
0→ A0(End B)→ A0,1(End B)→ A0,2(End B)
is the Dolbeault complex for the holomorphic bundle End B and is therefore
elliptic. Hence it is enough to prove that
0→ A1,0(End B)→ A2,0(End B)⊕A0(End B) (2.3)
is elliptic. By Kodaira identity ΛD =
√−1D∗ on A1,0(End B), and this
complex is the same as
0→ D ⊕D∗ : A1,0(End B)→ A2,0(End B)⊕A0(End B),
where D∗ is defined by means of the trace form on End B. This complex is
obviously elliptic.
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Corollary 2.8 Let G˜ ⊂ G be the stabilizer of ∇ ∈ A. Then
1. G˜ is a finite dimensional complex Lie group.
2. There exists a finite dimensional locally closed complex-analytic Stein
subspace M˜s ⊂ A containing ∇ and invariant under G˜ such that the
natural projection
M˜s/G˜→Ms
is an open embedding.
Proof. This is the standard application of the Luna’s slice theorem, see
[Kob].
Corollary 2.9 The topological space Ms has a natural structure of a comp-
lex-analytic space.
Proof. Indeed, since M˜s is Stein, the quotient M˜s/G˜ is a Stein complex-
analytic space. Now by the standard argument ([Kob]) the induced complex
analytic charts onMs glue together to give a complex-analytic structure on
the whole of Ms.
2.3 Hermitian Yang-Mills bundles and the theorem of
Uhlenbeck–Yau
For every complex bundle B on M denote by Ms0(B) the moduli space of
stable holomorphic structures on B. Fix B and consider the space Ms of
(0, 1)-stable NHYM connections on B. Taking the associated holomorphic
structure defines a map π :Ms →Ms0(B).
Lemma 2.10 The map π is holomorphic.
Proof. Clear.
Since every complex vector bundle admits an Hermitian metric, the
complex vector bundles B and B∗ are isomorphic. Therefore the mod-
uli spaces Ms0(B) and Ms0(B∗) are naturally identified. Denote the space
Ms0(B) = Ms0(B∗) simply by Ms0, and let Ms0 be the complex-conjugate
space.
Consider the open subsetMgs ⊂Ms of (0, 1)-stable NHYM connections
on B such that the adjoint connection on B∗ is also (0, 1)-stable. Taking the
adjoint holomorphic structure defines a map π : Mgs → Ms0. This map is
also obviously holomorphic.
13
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Lemma 2.11 A NHYM connection ∇ ∈Mgs satisfies π(∇) = π(∇) if and
only if it admits a compatible Hermitian metric.
Proof. Indeed, π(∇) = π(∇) if and only if there exists an isomorphism
h : B → B∗ sending ∇ to ∇. This isomorphism defines an Hermitian metric
on B compatible with the connection ∇.
To proceed further we need to recall the following fundamental theorem.
Theorem 2.12 (Uhlenbeck,Yau) Every stable holomorphic bundle B on
a Ka¨hler manifold M admits a unique Hermitian Yang-Mills connection
∇. Vice versa, every holomorphic bundle admitting such a connection is
polystable.
We will call such a metric a Uhlenbeck-Yau metric for the holomor-
phic bundle B.
Corollary 2.13 Let Msu ∈ Mgs be subset of equivalence classes of Hermi-
tian connections. The product map π×π :Mgs →Ms0×Ms0 identifies Msu
with the diagonal in Ms0 ×Ms0.
Proof. Clear.
Remark 2.14 Note that the subset Msu ⊂ Mgs is not complex-analytic,
but only real-analytic.
2.4 Moduli of NHYM connections as a complexification of
the moduli of stable bundles
Let ∇ ∈ Msu ⊂ Ms be an Hermitian Yang-Mills connection, and let F∇ =
π−1(π(∇)) ⊂ Ms be the fiber of π over ∇. In order to study the map
π × π : Mgs → Ms0 × Ms0 in a neighborhood of ∇, we first study the
restriction of the map π to F∇. We begin with the following.
Theorem 2.15 Let D : B → A0,1(B) be a representative in the equivalence
class π(∇) ∈ Ms0 of holomorphic structures on B and let D : B → A1,0(B)
be the operator adjoint to D with respect to the Uhlenbeck-Yau metric. The
fiber F∇ is isomorphic to the set of all End B-valued (1, 0)-forms θ satisfying{
Dθ + θ ∧ θ = 0,
D∗θ = 0.
(2.4)
14
NHYM bundles June 29, 1996
Proof. To define the desired isomorphism, choose for any equivalence class
∇1 ∈ π−1(π(∇)) a representative ∇1 = ∇1,01 +D : B → A1(B). Every two
representatives must differ by a gauge transformation g : B → B. The map
g must preserve the holomorphic structure D. However, this holomorphic
structure is by assumption stable. Therefore g = c Id for c ∈ C, and the
operator ∇1,01 : B → A1,0(B) is defined uniquely by its class in F∇. Take
θ = ∇1,01 − D; the equations (2.4) follow directly from the definition of
NHYM connections.
In order to apply this Theorem, note that by the second of the equa-
tions (2.4) every NHYM connection ∇1 ∈ F∇ defines a D∗-closed End B-
valued (1, 0)-form θ. Complex conjugation with respect to the Uhlenbeck-
Yau metric h∇ identifies the space of D
∗-closed End B-valued (1, 0)-forms
with the space of D
∗
-closed (0, 1)-forms, and it also identifies the respective
cohomology spaces. But the cohomology spaces of the Dolbeault complex
A0, q(End B) with respect to D and D∗ are both equal to the space of har-
monic forms, hence naturally isomorphic. Collecting all this together, we
define a map ρ : F∇ → H1(M, End B) by the rule
∇1 7→ 〈 class of θ in H1(M, End B)〉. (2.5)
Proposition 2.16 The map ρ is a closed embedding in a neighborhood of
∇ ∈Msu ∈ F∇.
This Proposition can be deduced directly from Theorem 2.15. However,
we prefer to prove a stronger statement. To formulate it, consider the adjoint
holomorphic structure π(∇) on the complex bundle B∗ ∼= B. Recall the
following standard fact from the deformation theory of holomorphic bundles.
Theorem 2.17 Let ∂¯ : B → A0,1(B) be a stable holomorphic structure
on a complex Hermitian bundle B. There exists a neighborhood U ⊂ Ms0
of ∂¯ such that every ∂¯1 ∈ U can be represented uniquely by an operator
∂¯ + θ : B → A0,1(B) satisfying {
∂¯θ = θ ∧ θ
∂¯∗θ = 0
(2.6)
The Kuranishi map U → H1(M, End B) defined by
∂¯1 → 〈 class of θ in H1∂¯∗(A0,
q
(End B)) ∼= H1(M, End B)〉
is a locally closed embedding.
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Corollary 2.18 The map π : F∇ → Ms0 is biholomophic in a neighbor-
hood V of ∇ ∈ Msu ⊂ Mgs, and the map ρ : V → H1(M, End B) is the
composition of π : F∇ →Ms0 and the Kuranishi map.
Proof. Complex conjugation sends equations (2.4) precisely to (2.6), and
thus establishes a bijection between neighborhoods of ∇ ∈ F∇ and π(∇) ∈
Ms0.
This statement, in turn, implies the following.
Proposition 2.19 The product map π × π :Mgs →Ms0 →Ms0 is biholo-
morphic on an open neighborhood U of the subset Msu ∈ Mgs.
Proof. Consider both Mgs and Ms0 ×Ms0 as spaces over Ms0. The map
π × π is a map over Ms0, and it is locally biholomorphic on every fiber of
the natural projections Mgs →Ms0, Ms0 ×Ms0 →Ms0.
Thus dimMs = 2dimMs0, and an open neighborhood U of the subspace
Msu ⊂Mgs is the complexification of Ms0 is the sense of Grauert.
2.5 Holomorphic symplectic form on the moduli of NHYM
bundles
In order to construct a holomorphic symplectic 2-form on Ms, we need to
restrict our attention to a smooth open subset of Ms.
Definition 2.20 A NHYM connection ∇ is called smooth if both ∇ ∈Ms
and π(∇) ∈ Ms0 are smooth points.
Let ∇ ∈Ms be a smooth NHYM connection and denote by C∇ its defor-
mation complex. By construction the holomorphic tangent space T∇(Ms)
is identified with a subspace of the first cohomology space H1(C∇). By
definition π(∇) is a smooth point, and the tangent space Tpi(∇)(Ms0) is a
subspace of the first cohomology space H1(M, End B) of M with coefficients
in B equipped with the induced holomorphic structure.
Consider the natural projection map C∇ → A0,i(M, End B) from C∇ to
the Dolbeault complex of the bundle End B. Denote by
pr : H1(C∇)→ H1(M, End B)
the induced map on the cohomology spaces and let
W = Ker pr ⊂ H1(C∇).
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Proposition 2.21 Let dπ : T∇(Ms)→ Tpi(∇)(Ms0) be the differential of the
map π :Ms →Ms0 in the smooth point ∇ ∈Ms0. The diagram
0 −−−→ T∇(F∇) −−−→ T∇(Ms) dpi−−−→ Tpi(∇) −−−→ 0y y y y y
9 −−−→ W −−−→ H1(C∇) pr−−−→ H1(M, End B) −−−→ 0
is commutative.
Proof. Clear.
We first construct a symplectic form on the space H1(C∇). To do this,
we first identify the space W ⊂ H1(C∇).
Lemma 2.22 The space W is naturally isomorphic to Hn−1(M, End B⊗K),
where K is the canonical line bundle on M .
Proof. Indeed, the space W is isomorphic to the space of End B-valued
(1, 0)-forms satisfying {
Dθ = 0
ΛDθ = 0
(2.7)
Consider the map
• ∧ ωn−1 : A1,0(End B)→ An,n−1(End B).
By Kodaira identities a form θ ∈ A1(M, End B) satisfies (2.7) if and only if
θ∧ωn−1 is harmonic. Hence •∧ωn−1 identifiesW with Hn−1(M, End B⊗K).
Consider now two End B-valued 1-forms θ0, θ1 ∈ A1(M, End B) and let
Ω(θ0, θ1) =
∫
M
tr(θ0 ∧ θ1 ∧ ωn−1),
where tr is the trace map, n = dimM and ω is the Ka¨hler form on M .
Lemma 2.23 If θ0 = ∇g for some section g ∈ A0(M, End B), then
Ω(θ0, θ1) = 0
for any θ1 ∈ A1(M, End B) satisfying Λ∇(θ1) = 0.
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Proof. Indeed,
Ω(θ0, θ1) =
∫
M
tr(∇(ωn−1g)) ∧ θ1) =
=
∫
M
tr(ωn−1∧∇(gθ1))−
∫
M
tr(gωn−1∧∇(θ1)) =
∫
M
tr(gΛ∇(θ1))ωn = 0
Corollary 2.24 1. The form Ω defines a complex 2-form on the space
H1(C∇).
2. The subspace W is isotropic, and the induced pairing
(W ∼= Hn−1(M, End B ⊗ K))⊗H1(M, End B)→ C
is non-degenerate.
Proof. The first statement is clear. It is easy to see that the pairing induced
by Ω is exactly the one defined by the Serre duality, which proves the second
statement.
Restricting to the subspace T∇(Ms), we get a 2-form Ω on Ms. This
form is obviously holomorphic.
Proposition 2.25 Assume that either ∇ ∈Ms is Hermitian, or T∇(Ms) =
H1(C∇). Then the form Ω on T∇(Ms) is non-degenerate. The map Ms →
Ms0 is a Lagrangian fibration in the neghrborhood of ∇.
Proof. It is easy to see that T∇(F∇) ⊂ T∇(Ms) is isotropic. If the con-
nection ∇ is unobstructed, that is, the embedding T∇(Ms) →֒ H1(C∇) is
actually an isomorphism, then the statement follows from Corollary 2.24.
Suppose now that the inclusion T∇(Ms) ⊂ H1(C∇) is proper. By as-
sumption the connection ∇ is Hermitian in this case, therefore the complex
conjugation map : A0,1(M, End B)→ A1,0(End B) is defined. It is easy to
see that this map identifies Ker pr with H1(M, End B). By Corollary 2.18 it
also identifies T∇(F∇) with Tpi(∇).
The form Ω(•, •) is a non-degenerate Hermitian form on Ker pr. There-
fore its restriction to T∇(M∇) is also non-degenerate.
The last statement now follows directly from Proposition 2.21 and Corol-
lary 2.24.
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2.6 Local parametrization of the moduli of NHYM connec-
tions
In the last part of this section we give a more explicit description of the
embedding F∇ → H1(End B) for an Hermitian Yang-Mills connection ∇ in
the spirit of [V-bun]. This description is of independent interest, and we
will also use it in the next section in the study of NHYM connections on
hyperka¨hler manifolds.
Fix an Uhlenbeck-Yau metric on B compatible with ∇ and let ∆ =
DD∗ + D∗D be the associated Laplace operator on A q(End B). Let G be
the Green operator provided by the Hodge theory. Recall that we have the
Hodge decomposition
A q(End B) = H q(End B)⊕A qex(End B)
into the space of harmonic form H q and its orthogonal complement A qex.
This complement is further decomposed as
A qex(End B) = DA
q−1(End B)⊕D∗A q+1(End B)
The compositionDD∗G is by definition the projection ontoDA q−1(End B) ⊂
A q(End B).
Take now a small neighborhood U ⊂ F∇ of the Hermitian connec-
tion ∇ ∈ F∇ and a NHYM connection ∇1 ∈ U . Let θ = ∇1 − ∇, θ ∈
A1,0(M, End B) and let K(θ) ∈ H1,0(M, End B) be the associated cohomol-
ogy class. Shrinking U if neccesary, we see that by Proposition 2.16 the
connection ∇1 is uniquely determined by the class K(θ).
Let θ0 ∈ A1,0(M, End B) be the harmonic form representing the class
K(θ). Define by induction
θn = D
∗G
∑
0≤k<n
θk ∧ θn−1−k.
Proposition 2.26 Let ∇ be an Hermitian Yang-Mills connection. There
exists a neighborhood V ⊂ F∇ of ∇ ∈ F∇ such that for every ∇1 ∈ V ⊂ F∇
the series ∑
0≤k
θk (2.8)
converges to the form θ = ∇1 −∇.
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Proof. The metric on End B defines a norm ‖ • ‖ on A q,0(End B). We can
assume that ‖θ0‖ < ε for any fixed ε > 0. Since the Hodge decomposition
is orthogonal,
‖Dθn‖ =
∥∥∥∥∥∥DD∗G
 ∑
0≤k<n
θk ∧ θn−k
∥∥∥∥∥∥
≤
∥∥∥∥∥∥
∑
0≤k<n
θk ∧ θn−k
∥∥∥∥∥∥ ≤
∑
0≤k<n
‖θk‖ q ‖θn−k‖ .
Since D : D∗(A2,0(End B)) → A2,0(End B) is injective and elliptic, there
exists a constant C > 0 such that
‖Df‖ > C‖f‖
for all f ∈ D∗(A2,0(End B)). Let an = (2n)!(n!)2 be the Catalan numbers. By
induction
‖θn‖ < an
∣∣∣∣ εC
∣∣∣∣ .
Since A(z) =
∑
anz
n satisfies A(z) = 1 + z(A(z))2, it equals
A(z) =
1−√1− 4z
2
and converges for z < 14 . Therefore the series (2.8) converges for 4ε < C.
To prove that it converges to θ, let χ0 = θ and let
χn = θ −
∑
0≤k<n
θk
for n ≥ 1. Since both ∇ and ∇ + θ are NHYM, we have Dχ1 = χ0 ∧ χ0.
Therefore χ0 ∧ χ0 ∈ A2,0(End B) and
Dχ1 = DD
∗G(χ0 ∧ χ0) = χ0 ∧ χ0.
By induction
Dχn = χ0 ∧ χn−1 +
∑
0≤k≤n
χk ∧ θn−1−k,
and χn ∈ D∗(A2,0(M, End B)) for all n > 0. Again by induction,
‖χn‖ < an+1
(
ε
C
)n
.
Therefore χn → 0 if 4ε < C, which proves the Proposition.
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Remark 2.27 This Proposition can be strengthened somewhat. Namely,
for any harmonic EndB-valued (1, 0)-form θ0 in a small neighborhood of 0 the
series (2.8) converges to a form θ. As follows from [V-bun], the connection
∇+ θ is NHYM provided the following holds.
* All the forms θp ∧ θq ∈ A2,0(M, End B) lie in A2,0ex (M, End B).
This condition is also knows as vanishing of all of the so-called Massey
products [θ0 ∧ . . . ∧ θ0].
3 Autodual and NHYM connections in the hyper-
ka¨hler case.
We now turn to the study of NHYM connections on hyperka¨hler manifolds.
First we recall the definitions and some general facts.
Definition 3.1 ([C]) A hyperka¨hler manifold is a Riemannian manifold
M equipped with two integrable almost complex structures I, J which are
parallel with respect to the Levi-Civita connection and satisfy
I ◦ J = −J ◦ I.
Let M be a hyperka¨hler manifold. The operators I, J define an action
of the quaternion algebra H on the tangent bundle TM . This action is also
parallel. Every imaginary quaternion a ∈ H satisfying a2 = −1 defines an
almost complex structure on M . This almost complex structure is parallel,
hence integrable and Ka¨hler.
Definition 3.2 A complex structure on M corresponding to an imaginary
quaternion a ∈ H with a2 = −1 is said to be induced by a.
For every such a ∈ H we will denote by ωa the Ka¨hler form in the
complex structure induced by a. We will always assume fixed a preferred
complex Ka¨hler structure I on M .
Recall that every hyperka¨hler manifold is equipped with a canonical
holomorphic symplectic 2-form Ω. If J,K ∈ H satisfy J2 = −1, IJ = K
then this form equals
Ω = ωJ +
√−1ωK .
The group U(H) of all unitary quaternions is isomorphic to SU(2). Thus
every hyperka¨hler manifold comes equipped with an action of SU(2) on its
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tangent bundle, and, a posteriori, with an action of its Lie algebra su(2).
Extend these actions to the bundles Λ
q
of differential forms and let Λ
q
inv ⊂ Λ
q
be the subbundle of SU(2)-invariant forms. The SU(2)-action does not
commute with the de Rham differential. However, it does commute with
the Laplacian (see [V-so5]). Therefore it preserves the subspace of harmonic
forms. Identifying harmonic forms with coholomogy classes, we get an action
of SU(2) on the cohomology spaces H
q
(M).
Let Λ : Λ
q+2 → Λ q be the Hodge operator associated to the Ka¨hler
metric on M .
Definition 3.3 A differential form θ on M is called primitive if Λθ = 0.
Lemma 3.4 1. All SU(2)-invariant forms are primitive. All SU(2)-in-
variant 2-forms are of Hodge type (1, 1) for every one of the induced
complex structures on M . Vice versa, if a form is of type (1, 1) for all
the induced complex structures, it is SU(2)-invariant.
2. The same statements hold for de Rham cohomology classes instead of
forms.
Proof. See [V-bun], Lemma 2.1
Remark 3.5 The converse is true for dimCM = 2, but in higher dimen-
siona there are primitive forms that are not SU(2)-invariant.
Consider a complex bundle B on M and let ∇ : B → A1(B) be a con-
nection on B.
Definition 3.6 The connection ∇ is called autodual if its curvature R ∈
A2(M, End B) is SU(2)-inavariant.
Remark 3.7 The terminology comes from the 4-dimensional topology: au-
todual connections on hyperka¨hler surfaces are anti-selfdual in the usual
topological sense.
We will call an autodual connection ∇ (0, 1)-stable if its (1, 0)-part
defines a stable holomorphic structure on the bundle B. Denote by Msinv
the set of equivalence classes of (0, 1)-stable autodual connections on the
bundle B.
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Remark 3.8 Like in Remark 2.4, this (0, 1)-stability condition may be too
restrictive.
Let ∇ be an autodual connection on B. By Lemma 3.4 for every J ∈
CP 1 the (0, 1)-component of the connection ∇ with respect to the complex
structure induced by J defines a holomorphic structure on B. We will call
it the holomorphic structure induced by J .
Proposition 3.9 Let M be a hyperka¨hler manifold and let B be a complex
bundle on M . Every autodual connection ∇ on B is NHYM.
Proof. Immediately follows from Lemma 3.4.
Therefore there exists a natural embedding Msinv →֒ Ms from Msinv to
the moduli spaceMs of NHYM connections on B. In the rest of this section
we give a partial description of the image of this embedding.
We will use the following.
Theorem 3.10 Assume that the first two Chern classes
c1(B), c2(B) ∈ H
q
(M)
of the bundle B are SU(2)-invariant. Then every Hermitian Yang-Mills
connection ∇ on B is autodual.
Proof. See [V-bun].
Therefore, if the Chern classes c1(B), c2(B) are SU(2)-invariant, then the
closed subsetMsu ∈ Ms of Hermitian Yang-Mills connections lies in Msinv.
Theorem 3.11 Let M be a hyperka¨hler manifold and let B be a complex
vector bundle on M such that the Chern classes c1(B), c2(B) are SU(2)-
invariant. Then subset Msinv ⊂ Ms of autodual connections contains an
open neighborhood of the subset Msu ⊂Ms of connections admitting a com-
patible Hermitian metric.
Proof. Let ∇ be an Hermitian Yang-Mills connection. It is autodual by
Theorem 3.10, and it is enough to show that every ∇1 ∈ F∇ sufficiently
close to ∇ is also autodual.
Let θ = ∇1 −∇ and let θn, n ≥ 0 be as in (2.8). By Propostion 2.26 we
can assume that
θ =
∑
k
θk.
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It is enough to prove that Dθ is SU(2)-invariant. We will prove that Dθk is
SU(2)-invariant for all k ≥ 0. To do this, we use results of [V-bun].
Consider the operator
LΩ : A q, q(End B)→ A q+2, q(End B)
given by multiplication by the canonical holomorphic 2-form Ω on M . By
[V-so5] the operator
[LΩ,Λ] : A
q, q(End B)→ A q+1, q−1(End B)
coincides with the action of a nilpotent element in the Lie algebra su(2).
Therefore it is a derivation with respect to the algebra structure on the
complex A q, q(End B). Moreover, a (1, 1)-form α is SU(2)-invariant if and
only if [LΩ,Λ]α = 0.
Let ∂J : A q, q(End B)→ A q+1, q(End B) be the commutator
∂J =
[
D, [LΩ,Λ]
]
.
This map again is a derivation with respect to the algebra structure on
A q, q(End B), and it is enough to prove that ∂Jθn = 0 for all n ≥ 0. Moreover,
∂J =
[
D, [LΩ,Λ]
]
=
[
LΩ,
[
D,Λ
]]
+
[
Λ,
[
LΩ,D
]]
,
The second term is zero since Ω is holomorphic, the first term is [LΩ,
√−1D∗]
by Kodaira identity. Hence D∗ and ∂J anticommute. Finally, the Laplacian
∆J = ∂J∂
∗
J + ∂
∗
J∂J is proportional by [V-bun] to the Laplacian ∆ = DD
∗+
D∗D. Therefore the Laplacian ∆ and the Green operator G also commute
with ∂J .
Now, the form θ0 is by definition ∆-harmonic. Therefore it is also ∆J -
harmonic, and ∂Jθ0 = 0. To prove that ∂
Jθn = 0, use induction on n. By
definition
∂Jθn = ∂
JD∗G
 ∑
0≤k<n
θk ∧ θn−1−k
 =
= −D∗G
 ∑
0≤k<n
∂Jθk ∧ θn−1−k + θk ∧ ∂Jθn−1−k
 .
The right hand side is zero by the inductive assumption.
Thus all ∂Jθk are zero, and all theDθk are SU(2)-invariant, which proves
the Theorem.
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4 Stable bundles over twistor spaces.
4.1 Introduction
To further study autodual connections on a bundle B over a hyperka¨hler
manifold M , we need to introduce the so-called “twistor space” X for M .
This is a certain non-Ka¨hler complex manifold associated to M . Autodual
connections give rise to holomorphic bundles on X by means of a construc-
tion known as “twistor transform”. This construction turns out to be essen-
tially invertible, thus providing additional information on the moduli space
Msinv.
We develop the twistor transform machinery in the next section. In
this section we give the necessary preliminaries: the definition and some
properties of the twistor space X, and a discussion of the notion of stability
for holomorphic bundles over X.
4.2 Twistor spaces
LetM be a hyperka¨hler manifold. Consider the product manifold X =M×
S2. Embed the sphere S2 ⊂ H into the quaternion algebra H as the subset of
all quaternions J with J2 = −1. For every point x = m× J ∈ X =M × S2
the tangent space TxX is canonically decomposed TxX = TmM ⊕ TJS2.
Identify S2 = CP 1 and let IJ : TJS
2 → TJS2 be the complex structure
operator. Let Im : TmM → TmM be the complex structure on M induced
by J ∈ S2 ⊂ H.
The operator Ix = Im ⊕ IJ : TxX → TxX satisfies Ix ◦ Ix = −1. It
depends smoothly on the point x, hence defines an almost complex structure
on X. This almost complex structure is known to be integrable (see [Sal]).
Definition 4.1 The complex manifold 〈X, Ix〉 is called the twistor space
for the hyperka¨hler manifold M .
By definition the twistor space comes equipped with projections σ :
X → M , π : X → CP 1. The second projection is holomorphic. For any
point m ∈ M the section m˜ : CP 1 → X with image m × CP 1 ⊂ X is
also holomorphic. We will call this section m˜ the horizontal twistor line
corresponding to m ∈ Ms.
Let ι : CP 1 → CP 1 be the real structure on CP 1given by the antipodal
involution. Then the product map
ι = id×ι : X → X
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defines a real structure on the complex manfiold X. The following funda-
mental property of twistor spaces is proved, e.g., in [HKLR].
Theorem 4.2 Let M be a hyperka¨hler manifold and let X be its twistor
space. Then a holomorphic section CP 1 → X of the natural projection
π : X → CP 1 is a horizontal twistor line if and only if it commutes with
natural real structure ι : X → X.
Let Sec be the Douady moduli space of holomorphic sections CP 1 → X
of the projection π : X →M . Then conjugation by ι defines a real structure
on the complex-analytic space Sec. Theorem 4.2 identifies the susbet of
real points of Sec with the hyperka¨hler manifold M . We will call arbitrary
holomorphic sections CP 1 → X twistor lines in X.
4.3 Li–Yau theorem
The twistor space, in general, does not admit a Ka¨hler metric. In order
to obtain a good moduli space for holomorphic bundles on X we use a
genralization of the notion of stability introduced by Li and Yau in [LY].
We reproduce here some of their results for the convenience of the reader.
Let X be an n-dimensional Riemannian complex manifold and let
√−1ω
be the imaginary part of the metric on X. Thus ω is a real (1, 1)-form.
Assume that the form ω satisfies the following condition.
ωn−2 ∧ dω = 0. (4.9)
For a closed real 2-form η let
deg η =
∫
X
ωn−1 ∧ η.
The condition (4.9) ensures that deg η depends only on the cohomology
class of η. Thus it defines a degree functional deg : H2(X,R) → R. This
functional allows one to repeat verbatim the Mumford-Takemoto definitions
of stable and semistable bundles in this more general situation. Moreover,
the Hermitian Yang-Mills equations also carry over word-by-word.
Yau and Li proved the following.
Theorem 4.3 ([LY]) Let X be a complex Riemannian manifold satisfying
(4.9). Then every stable holomorpic bundle B on X admits a unique Her-
mitian Yang-Mills connection ∇. Vice versa, every bundle B admitting an
Hermitian Yang-Mills connection is polystable.
Just like in the Ka¨hler case, this Theorem allows one to construct a good
moduli space for holomorphic bundles on X. (See [Kob].)
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4.4 Li–Yau condition for twistor space
The twistor space X = M × CP 1 is equipped with a natural Riemannian
metric, namely, the product of the metrics on M and on CP 1. To apply the
Li-Yau theory to X, we need to check the condition (4.9). First, we identify
the form ω.
Let ω = ωM + ωCP 1 be the decomposition associated with the product
decomposition X = M × CP 1. By the definition of the complex structure
on X, the form ω
CP 1 is the pullback π
∗ω of the usual Ka¨hler form on CP 1,
while ωM is a certain linear combination of pullbacks of Ka¨hler forms on M
associated to different induced complex structures.
LetW ∈ H be the 3-dimensional subspace of imaginary quaternions. For
every a ∈W the metric 〈 q, q〉 on the hyperka¨hler manifold M defines a real
closed 2-form ωa on M by the rule
ωa( q, q) = 〈 q, a q〉.
This construction is linear in a, hence defines an embeddingW →֒ A2(M,R).
Let W be the trivial bundle on CP 1 with the fiber W . The embedding
W →֒ A2(M,R) extends to an embedding
W →֒ π∗σ∗A2(M,R) ⊂ π∗A2(X).
Since X = M × CP 1, the de Rham differential d = dX : A q(X) →
A q+1(X) decomposes into the sum d = dM + dCP 1 . The differential dCP 1
defines a flat connection on the bundle π∗σ
∗A2(M,R). The subbundle
W ⊂ π∗σ∗A2(M,R) is flat with respect to dCP 1 .
The spaceW is equipped with an euclidian metric, thusW =W ∗. Since
we have an embedding CP 1 = S2 →֒ W , the bundle W = TW |
CP 1 =
T ∗W |
CP 1 decomposes orthogonally
W = R⊕O(−2)
into the sum of the conormal and the cotangent bundles to CP 1 ⊂W . The
conormal bundle is the trivial 1-dimesional real bundle R, and the cotangent
bundle is isomorphic to the complex vector bundle O(−2) on CP 1. The
connection dx|W induces the trivial connection on R and the usual metric
connection on O(2). The embedding W → π∗σA2(M,R) decomposes then
into a real 2-form
ω ∈ σ∗A2(M,R)
and a complex O(2)-valued 2-form
Ω ∈ σ∗A2(M,R)⊗ π∗O(2).
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The form Ω is holomorphic, while the form
√−1ωM is precisely the imagi-
nary part of the Hermitian metric on X.
Let now υ ∈ A2,1(X) be the (2, 1)-form corresponding to the holomorphic
form
Ω ∈ A2,0(X,π∗O(2))
under the identification O(2) ∼= A0,1(CP 1) provided by the metric on CP 1.
Lemma 4.4
dω = υ + υ.
Proof. Indeed, dω
CP 1 = 0 and dMωM = 0, therefore it is enough to compute
d
CP 1ωM . The bundle W ∈ A2(X) is invariant under dCP 1 , and d induces
the trivial connection ∇ on W. Let
d =
[
∇R θ10
θ01 ∇O(2)
]
be the decomposition of ∇ with respect to W = R⊕O(2). The connection
∇R is trivial, therefore ∇Rω = 0. An easy computation shows that
θ10 ∈ A1(CP 1,O(2))
induces the isomorphism A1(CP 1) ∼= O(2). Thus
dωM = dCP 1ωM = θ10 ∧ Ω = υ + υ.
Now we can prove that the twistor space X satisfies the condition (4.9).
Proposition 4.5 The canonical (1, 1)-form ω on the twistor space X sat-
isfies
ωn−1 ∧ dω = 0
for n = dimM = dimX − 1.
Proof. Let x = m × J ∈ X be a point in X. Choose a local coordinate z
on CP 1 near the point J ∈ CP 1. In a neighborhood of x ∈ X we have
υ = f(z)Ω ∧ dz¯
for some holomorphic function f(z). Therefore
ωn−1 ∧ dω = f(z)ωn−1 ∧Ω ∧ dz¯ + f(z)ωn−1 ∧ Ω ∧ dz.
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But ωn−1 ∧ Ω and ω ∧Ω are both forms on the n-dimensional manifold M ,
of Hodge types (n + 1, n − 1) and (n − 1, n + 1). Hence both are zero. To
prove the Proposition, it remains to see that ωn−1 − ωn−1M is divisible by
ω
CP 1 , and ωCP 1 ∧ dz = ωCP 1 ∧ dz¯ = 0.
5 Twistor transform.
5.1 Twistor transform
We now introduce the direct and inverse twistor transforms which relate
autodual bundles on the hyperka¨hler manifold M and holomorphic bundles
on its twistor space X.
Let B be a complex vector bundle on M equipped with a connection ∇.
The pullback σ∗B of B to X is then equipped with a connection σ∗∇.
Lemma 5.1 The connection ∇ is autodual if and only if the connection
σ∗∇ has curvature of Hodge type (1, 1).
Proof. Indeed, the curvature RX of σ
∗∇ is equal to the pullback σ∗RM
of the curvature RM of ∇. Therefore it is of Hodge type (1, 1) on X if
and only if for every I ∈ CP 1 the form RM is of type (1, 1) in the induced
complex structure I. By Lemma 3.4 this happens if and only if RM is
SU(2)-invariant.
In particular, for every autodual bundle 〈B,∇〉 the (0, 1)-component
σ∗∇0,1 of the connection σ∗∇ satisfies σ∗∇0,1 ◦ σ∗∇0,1 = 0 and defines a
holomorphic structure on the bundle σ∗B.
Definition 5.2 The holomorphic bundle 〈σ∗B, σ∗∇0,1〉 is called the twistor
transform of the autodual bundle 〈B,∇〉.
5.2 CP 1-holomorphic bundles over twistor spaces
The twistor transform is in fact invertible. To construct an inverse trans-
form, we begin with some results on differential forms on the twistor space
X.
The product decomposition X = M × CP 1 induces the decomposition
A1(X) = σ∗A1(M) ⊕ π∗A1(CP 1) of the bundle A1(M) of 1-forms. By the
definition of the complex structure on X, the projection onto the subbundle
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of (0, 1)-forms commutes with the projection onto the bundle π∗A1(CP 1).
Therefore a Dolbeault differential
∂¯
CP 1 : A0(X)→ π∗A0,1(CP 1)
is well-defined.
Definition 5.3 A CP 1-holomorphic bundle on X is a complex vector
bundle B on X equipped with an operator ∂¯
CP 1 : B → B ⊗ π∗A0,1(CP 1)
satisfying
∂¯
CP 1(fa) = ∂¯CP 1(f)a+ f ∂¯CP 1(a)
for a function f and a local section a of B.
Remark 5.4 For any pointm ∈M the restriction m˜∗B of a CP 1-holomrphic
bundle B to the horizontal twistor line m˜ : CP 1 → X is holomorphic in the
usual sense.
A ∂¯
CP 1-closed smooth section a ∈ Γ(X,B) of a CP 1-holomorphic bundle
B will be called CP 1-holomorphic. Tensor products and Hom-bundles of
CP 1-holomorphic bundles are again CP 1-holomorphic. A differential oper-
ator f : B0 → B1 will be called CP 1-holomorphic if ∂¯f(a) = 0 for every
local CP 1-holomorphic section a of the bundle B.
For every complex vector bundle B onM the bundle σ∗B on X is canon-
ically CP 1-holomorphic. For a CP 1-holomorphic bundle B let σ∗B be the
sheaf on M of CP 1-holomorphic sections of B. The functors σ∗ and σ∗ are
adjoint.
Definition 5.5 A CP 1-holomorphic bundle B onX is called CP 1-constant
if it is isomorphic to σ∗B1 for a complex vector bundle B on M .
Since σ∗σ
∗B1 ∼= B1 for every complex bundle B1 on M , a bundle B
on X is CP 1-constant if and only if the canonical map B → σ∗σ∗B is an
isomorphism. The functor σ∗ is therefore an equivalence between the cat-
egory of complex vector bundles on M and the category of CP 1-constant
CP 1-holomorphic bundles on X.
Lemma 5.6 A CP 1-holomorphic bundle B on X is CP 1-constant if and
only if for every horizontal twistor line m˜ : CP 1 → X the restriction m˜∗B
is trivial.
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Proof. Clear.
Note that if dimΓ(CP 1, m˜∗B) is the same for every horizontal twistor
line m˜ : CP 1 → X, then σ∗B is the sheaf of smooth sections of a complex
vector bundle on M .
5.3 Differential forms and CP 1-holomorphic bundles
Let A qM(X) = σ∗A
q
(M) ⊂ A q(X) be the subcomplex of relative C-valued
forms on X over CP 1 and let A0, qM (X) be the quotient complex of forms of
Hodge type (0, q). Denote by dM and ∂¯M the corresponding differentials and
let P : A qM → A0,
q
M be the natural projection. By definition all the bundles
A qM and A0,
q
M are CP
1-holomorphic, and the differentials dM and ∂¯M are
CP 1-holomorphic.
Let B be a holomorphic bundle on X. Then the complex structure
operator ∂¯ : B → B ⊗A0,1(X,B) can be decomposed
∂¯ = ∂¯M + ∂¯CP 1
into an operator ∂
CP 1 : B → ⊗B ⊗ π∗A0,1(CP 1) and an operator ∂¯M : B →
B⊗A0,1M . The operator ∂¯CP 1 is a CP 1-holomorphic structure on the bundle
B, and the operator ∂¯M is CP 1-holomorphic.
This constrution is in fact invertible. Namely, we have the following.
Lemma 5.7 The correspondence B 7→ 〈B, ∂¯M 〉 is an equivalence between
the category of holomorphic bundles on X and the category of CP 1-holo-
morphic bundles B on X equipped with a CP 1-holomorphic operator ∂¯M :
B → B ⊗A0,1M satisfying 0 = ∂¯2M : B → B ⊗A0,2M and
∂¯M (fa) = ∂¯(f)a+ f ∂¯M (a)
for a function f and a local section a of B.
Proof. Clear.
In particlular, every holomorphic bundle B on X is canonically CP 1-
holomorphic. We will call a holomorphic bundle B on X CP 1-constant if
the corresponding CP 1-holomorphic bundle is CP 1-constant in the sense of
Definition 5.5.
31
NHYM bundles June 29, 1996
5.4 The complex A•top(M): definition.
For any horizontal twistor line m˜ : CP 1 → X the restriction m˜∗AiM is
trivial, while m˜∗A0,iM is a sum of several copies of the bundle O(i) on CP 1
(see, e.g., [HKLR]). Therefore σ∗A∗ qM ∼= A q(M,C), and the map P induces
a projection
P : A q(M,C) ∼= σ∗A
q
M (X)→ σ∗A0,1M (X).
Let A1,0M (X) be the sheaf of relative forms of type (1, 0). By definition we
have an exact sequence
0→ A1,0M (X)→ A1M (X)→ A0,1M (X)→ 0
of CP 1-holomorphic bundles on X. Consider the associated long exact
sequence for σ∗. The restriction of A1,0M to any horizontal twistor line
m˜ : CP 1 → X is a sum of several copies of O(−1). Therefore this long
sequence reduces to the map
σ∗A1M (X) P−→ σ∗A0,1M (X),
which is therefore an isomorphism.
Recall that the bundleAi(M) carries a representation of the group SU(2)
for every i ≥ 0. This representation is completely reducible 8, and contains
isotypical components of highest weights ≤ i. Let Aitop ⊂ Ai be the compo-
nent of highest weight exactly i.
Lemma 5.8 The map P : A q(M,C) → σ∗A0,
q
M (X) is compatible with the
SU(2)-action on A q(M,C). The restriction PA qtop(M,C) → σ∗A0,
q
M is an
isomorphism.
Proof.We already know the claim for σ∗A0,1M . Let i > 1. Note that σ∗A0,iM is
equipped with an SU(2)-action by the Borel-Weyl theory. The correspond-
ing representation is of highest weight i. The map P is obviously compatible
with this action, which proves the first statement. To prove the second, it
is enough to prove that P is invertible on the subbundles of highest vectors.
But both these subsundles equal A0,i(M).
8
SU(2) acts along the fibers, which are finite-dimensional
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5.5 The complex A•top(M) and autodual bundles.
The complex A qtop(M) ∼= σ∗A0,1M plays the same role for autodual bundles
as the Dolbeault resp. de Rham complexes play for holomorphic resp. flat
ones. Precisely, let B be a complex vector bundle on M equipped with a
connection ∇ : B → A1(B). Extend the operator ∇ to a differential operator
D : A qtop(B) → A
q+1
top (B) by means of the embedding A
q
(B) →֒ A q(B) and
the natural SU(2)-invariant projection A q+1(B)→ A q+1top (B).
Lemma 5.9 The connection ∇ is autodual if and only if its extension D
satisfies D2 = 0.
Proof. The operator D2 is the multiplication by the A2top-part of the cur-
vature R of the bundle B with respect to the decomposition
A2(End B) = A2top(End B)⊕A2inv(End B).
Thus it vanishes if and only if R is SU(2)-invariant, which by definition
means that ∇ is autodual.
Let B be a complex vector bundle equipped with an autodual connection
∇. Since A1(B) ∼= σ∗A0,1M (X)× B, the map ∇ : B → B ⊗ σ∗A0,1M (X) defines
a CP 1-holomorphic map
∂¯M : σ
∗B → σ∗B ⊗A0,1M (X)
of CP 1-holomorphic bundles on X. By Lemmas 5.8 and 5.9 the map ∂¯M
extends to a map A0, qM (X) ⊗ σ∗B → A0,
q+1
M (X) ⊗ B satisfying ∂¯2M = 0. By
Lemma 5.7 this map defines a holomorphic structure on the bundle σ∗B.
Lemma 5.10 The holomorphic bundle 〈σ∗B, ∂¯M 〉 on X is isomorphic to
the twistor transform of the autodual bundle B.
Proof. Clear.
Let now B be an arbitrary CP 1-constant holomorphic bundle on X.
Then the sheaf σ∗B is the sheaf of sections of a vector bundle. Since B is
CP 1-constant, B ∼= σ∗σ∗B. The operator
∂M : B ∼= σ∗σ∗B → B ⊗A0,1M (X)
gives by adjuction an operator
∇ : σ∗B → σ∗
(
B ⊗A0,1M (X)
) ∼= σ∗B ⊗A1top(M).
By Lemmas 5.8 and 5.9 the operator ∇ is an autodual connection on σ∗B.
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Definition 5.11 The autodual bundle 〈σ∗,∇〉 on M is called the inverse
twistor transform of the CP 1-constant holomorphic bundle B on X.
Theorem 5.12 The direct and inverse twistor transforms are mutually in-
verse equivalences between the category of autodual bundles on M and the
category of CP 1-constant holomorphic bundles on X.
Proof. Clear.
6 Stability of the twistor transform.
6.1 Introduction
Let M be a hyperka¨hler manifold and let X be its twistor space. Consider
a semistable autodual bundle 〈B,∇〉 on M and let σ∗B be its twistor trans-
form. The bundle σ∗B is a holomorphic bundle on X. In this section we
prove under certain conditions that σ∗B is semistable in the sense of 4.3.
More precisely, we have the following.
Proposition 6.1 Let M be a hyperka¨hler manifold. Denote its twistor
space by X. Let 〈B,∇〉 be a semistable autodual bundle on M and let σ∗B
be its twistor transform. Then for every coherent subsheaf F ⊂ σ∗B we have
deg c1(F)
rankF ≤
deg c1(σ
∗B)
rankσ∗B ,
where rankF is the rank of the generic fiber of F and deg is understood in
the sense of subsection 4.3.
6.2 Semistability for CP 1-constant bundles
Before we give a proof of this Proposition, we prove the following.
Lemma 6.2 Let B be a holomorphic bundle on the twistor space X. Assume
that B is CP 1-constant (that is, for every horizontal twistor line m˜ : CP 1 →
X the restriction m˜∗B is trivial). Then degB = 0, and the bundle B is
semistable.
Proof. Since H1(CP 1,R) = 0,
H2(X,R) = H2(M,R)⊕H2(CP 1,R). (6.10)
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Since B is CP 1-constant, c1(B) ∈ H2(M,R). For every I ∈ CP 1 let XI =
π−1(I) ⊂ X be the fiber over I. Since
c1(B)XI = c1(B|XI ) ∈ H1,1I (M)
is of Hodge type (1, 1) for every I ∈ CP 1, the class c1(B) ∈ H2(M,R) is
SU(2)-invariant by Lemma 3.4. Therefore deg c1(B) = Λc1(B) = 0.
To prove semistability, let F ⊂ B be a coherent subsheaf. It is enough
to prove that deg c1(F) ≤ 0. Let c1(F) = cM + cCP 1 be the decomposition
associated with (6.10). Again, by Lemma 3.4 cM is SU(2)-invariant, and
deg c1(F) = deg cCP 1 . For a generic horizontal twistor line m˜ : CP 1 → X we
have c
CP 1 = c1(m˜
∗F) ∈ H2(CP 1,R). Since m˜∗B is trivial, it is semistable,
and deg c1(m˜
∗F) ≤ 0.
Let MssX be the moduli space of semistable holomorphic bundles on
X. Lemma 6.2 implies that the set Msconst of equivalence classes of CP 1-
constant holomorphic bundles onX is a subset ofMssX . The subsetMsconst ⊂
MssX is open.
6.3 Conclusion
The Propostion now follows directly from Lemma 6.2. Moreover, the twistor
transform provides an isomorphismMsinv →Msconst ⊂MssX from the moduli
space Msinv of autodual bundles on M to the open subset of CP 1-constant
bundles in the moduli space MssX
7 Stable bundles and projective lines
in twistor spaces.
7.1 Hyperka¨hler structure on the Mukai dual space
Let M be a compact hyperka¨hler manifold and let B be a complex vector
bundle on M with SU(2)-invariant Chern classes c1(B) and c2(B). Consider
the moduli spaceMs0 of stable holomorphic structures on B and letMreg0 ⊂
Ms0 be the dense open subset of smooth points inMs0. Recall that the subset
Mreg0 is equipped with a natural Ka¨hler metric, called the Weil-Peterson
metric.
It was proved in [V-bun] that the Weil-Peterson metric on Mreg0 is
actually hyperka¨hler. Moreover, the complex manifold (Mreg0 )J with the
complex structure induced by a quaternion J ∈ CP 1 ⊂ H was naturally
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identified with the subset of smooth points in the moduli space of stable
holomorphic structures on B with respect to the complex structure J on M .
Let Xreg be the twistor space of the hyperka¨hler manifold Mreg0 . Con-
sider the topological space X =Ms0 × CP 1. We have a natural embedding
Xreg ⊂ X. In [V-bun] the complex structure on Xreg and the real struc-
ture ι : Xreg → Xreg were naturally extended to the whole of X . The
complex-analytic space X is in general singular. However, the fundamental
Theorem 4.2 still holds for the natural projection π : X → CP 1. We will
call holomorphic sections CP 1 → X of the projection π : X → CP 1 twistor
lines in X . The spaceMs0 is then naturally isomorphic to the subset of real
twistor lines in X .
These data define singular hyperka¨hler structure onMs0 (see [V-bun]
for details). The spaceMs0 with this hyperka¨hler structure is called Mukai
dual to M (results of [V-bun] generalise Mukai’s work about duality of K3
surfaces). We must caution the reader that this version of Mukai duality is
not involutive, as the term “dual” might erroneously imply.
7.2 Fiberwise stable bundles
Let X be the twistor space of the hyperka¨hler manifold M . Let Msconst ⊂
MssX be the open subset of CP 1-constant holomorphic structures in the
moduli spaceMssX of semistable holomorphic structures on the bundle σ∗B.
In the last section we have identified Msconst with the space Msinv of (0, 1)-
stable autodual connections on the bundle B.
In this section we will need still another notion of stability for holomor-
phic bundles over X.
Definition 7.1 Call a stable holomorphic structure ∂¯ on σ∗B fiberwise
stable if for any L ∈ CP 1 the restriction of 〈σ∗B, ∂¯〉 to the fiber XL =
π−1(L) ⊂ X is stable.
LetMsfib ⊂MssX be the subset of fiberwise stable holomorphic structures.
The intersection (Msconst ∩Msfib) ⊂MssX is, then, isomorphic to the moduli
space of autodual connections on B inducing a stable holomorphic structure
on B for every I ∈ CP 1.
The goal of this section is to prove the following.
Theorem 7.2 The space Msfib is naturally isomorphic to the space Sec of
twistor lines in the manifold X .
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7.3 Stability of fiberwise-stable bundles
We begin by noting that one of the conditions in Definition 7.1 is in fact
redundant.
Lemma 7.3 Let B be a holomorphic bundle on the twistor space X. If the
restriction i∗B is stable for a generic9 point I ∈ CP 1, then the bundle B is
stable.
Proof. Indeed, it was proved in [V-sym] that for a generic point I ∈ CP 1
every rational (1, 1)-cohomology class for the fiber XI is of degree zero.
Therefore a stable holomorphic bundle on XI has no proper subsheaves.
Hence for a proper subsheaf F ⊂ B either F or B/F is supported on non-
generic fibers of π : X → CP 1. In particular, either F or B/F is a torsion
sheaf. This implies that the bundle B is stable.
7.4 Modular interpretation of the Mukai dual twistor space
We now construct a map Msfib → Sec. To do this, we give a modular
interpretation of the space X .
For any point I ∈ CP 1 let i : XI →֒ X be the natural embedding of the
fiber XI = π
−1(I) ⊂ X. For a stable holomorphic bundle B on the fiber XI
call the coherent sheaf i∗B on X a stable sheaf on X supported in I,
or simply a fiber-supported stable sheaf.
More generally, for a complex analytic space Z call a coherent sheaf E
on Z × X a family of fiber-supported stable sheaves on X if there
exists a holomorphic map fZ : Z → CP 1 such that B and a holomorphic
bundle E0 on the subspace Z ×CP 1 X ⊂ Z ×X such that
1. E ∼= i∗E0, where i : Z ×CP 1 X → Z ×X is the natural embedding.
2. For every point z ∈ Z the restriction of E to z × π−1(fZ(z)) ⊂ Z ×X
is a stable holomorphic bundle.
The space X is obviously the moduli space for families of fiber-supported
stable sheaves on X. The holomorphic map fX : X → CP 1 is the natural
projection.
Let now B be a fiberwise stable holomorphic bundle on X. For every
I ∈ CP 1 the coherent sheaf i∗i∗B on X is a stable sheaf supported in I. The
correspondence I 7→ i∗i∗B defines a holomorphic map CP 1 → X . This map
9In the sense of [V-sym]
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is a section of the projection X → CP 1, hence defines a point ψ(B) ∈ Sec.
The correspondence B 7→ ψ(B) comes from a holomorphic map ψ :Msfib →
Sec of the corresponding moduli spaces.
7.5 Coarse and fine moduli spaces: a digression
In order to prove that the map ψ :Msfib → Sec is an isomorphism, we need
to make a digression about universal objects and coarse moduli spaces.
Let Var be the category of complex-analytic varieties and let F : Var→
Sets be a functor. Recall that a complex-analytic space Y is said to be a fine
moduli space for the functor F if F ∼= Hom(•, Y ). This implies that there
exists an element C ∈ F(Y ) such that for every complex-analytic space U
and an element a ∈ F(U) there exists a unique map f : U → Y such that
a = F(f)(C). Such an element C is called the universal solution to the
moduli problem posed by F .
It is well-known that geometric moduli problems only rarely admit fine
moduli spaces. The common way to deal with this is to introduce a weaker
notion of a coarse moduli space. For the purposes of this paper the following
notion suffices.
Definition 7.4 A complex-analytic space Y is called a coarse moduli
space for the problem posed by F if for any complex-analytic space Z
and an element a ∈ F(Z) there exist a unique map f : Z → Y , an open
covering Uα of the space Y and a collection Cα ∈ F(Uα) such that for every
index α
F(f)(Cα) = a|f−1(Uα).
Heuristically, a coarse moduli space Y admits locally a universal solution
for the moduli problem F , but these solutions need not come from a single
global solution in F(Y ).
All the moduli spaces constructed as infinite-dimensional quotients by
means of the slice theorem are coarse moduli spaces in the sense of this
definition. This applies to all the moduli spaces considered in this paper,
and to the space X in particular. Therefore for every point x ∈ X there
exists a neighborhood Ux ⊂ X and a coherent sheaf Ex on U × X which
is a family of fiber-supported stable sheaves on X universal for the moduli
problem. Let U be such a neighborhood. Then the universality of the sheaf
E implies that
Aut E = Γ(U,O∗).
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Lemma 7.5 Let CP 1 → X be a section of the projection π : X → CP 1.
There exists a coherent sheaf E on CP 1×X such that for every x ∈ CP 1 ⊂ X
the restriction E|Ux×X is isomorphic to the universal sheaf Ex.
Proof. Indeed, cover CP 1 by open subsets of the form Ux and choose a
finite subcovering Uα. In order to define a sheaf E , it is enough to choose a
system of isomorphisms
gαβ : Eα|(Uα∩Uβ)×X → Eβ |(Uα∩Uβ)×X
for every intersection Uα ∩ Uβ so that gαβ ◦ gβγ = gαγ for every three in-
dices α, β, γ. Since Aut Eα = O∗Uα , the obstruction to finding such a system
of isomorphisms lies in the second Cˇech cohomology group H2(CP 1,O∗).
Consider the long exact sequence
H2(CP 1,O) −→ H2(CP 1,O∗) −→ H3(CP 1,Z)
associated to the exponential exact sequence
0 −→ Z −→ O −→ O∗ −→ 0.
Since H2(CP 1,O) = H3(CP 1,Z) = 0, the group H2(CP 1,O∗) vanishes.
7.6 Conclusion
We can now finish the proof of Theorem 7.2. It remains to prove that the
map ψ : Msfib → X is an isomorphism. We will construct an inverse map
ψ−1 : X →Msfib.
Let x ∈ Sec be a point and let x˜ : CP 1 → X be the corresponding section.
Let E be the coherent sheaf on x˜(CP 1)×X constructed in Lemma 7.5. Let
∆ = π × id : X →֒ CP 1 ×X be the embedding of X into CP 1 ×X as the
preimage of the diagonal under the natural projection id×π : CP 1 × X →
CP 1 × CP 1. The sheaf E is by definition isomorphic to the direct image of
a holomorphic vector bundle B on X: E ∼= ∆∗B.
For every point I ∈ CP 1 the coherent sheaf i∗i∗B on X is canonically
isomorphic to the restriction of E to I×X ⊂ CP 1×X. Therefore the bundle
B is stable by Lemma 7.3. Let ψ−1(x) ∈ Msfib be the corresponding point
in the moduli space Msfib.
By construction ψ(ψ−1(x)) = x. To prove that ψ−1 ◦ ψ = id, consider a
stable bundle B ∈ Msfib. Let E be the coherent sheaf on CP 1×X constructed
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in Lemma 7.5 and let p : CP 1 ×X → X be the projection onto the second
factor. By definition
E ∼= ∆∗∆∗(p∗B) ∼= ∆∗(∆ ◦ p)∗B ∼= ∆∗B.
Therefore ψ−1(ψ(B)) = B ∈Msfib. This finishes the proof of Theorem 7.2.
8 Conjectures and open questions.
8.1 NHYM moduli spaces and hyperka¨hler reduction
8.1.1
Let M be a Ka¨hler manifold and let Ms be the moduli space of NHYM
connections on a complex bundle B over M . We have shown in Section 2
that the space Ms is equipped with a natural closed holomorphic 2-form Ω
which is is symplectic at least in a neighborhood of the subset of Hermitian
connections. In fact one could hope for a much stronger statement.
Conjecture 8.1 There exists a hyperka¨hler metric on Ms such that Ω is
the associated holomorphic symplectic from.
Note that the construction of the form Ω is completely parallel to a con-
struction of a holomorphic symplectic form on the Hitchin-Simpson moduli
spaceMsDR of flat connections on B ([Sim2]). The analog of Conjecture 8.1
for MsDR is known.
8.1.2
To provide some evidence for Conjecture 8.1, we give an interpretation of
the NHYM equation in the context of hyperka¨hler reduction.
Let A be the space of all connections on the complex vector bundle B.
The space A is an affine space over the complex vector space A1(M, End B)
of End B-valued 1-forms onM . Choose an Hermitian metric h on the bundle
B. The decomposition
A1(M, End B) = A1,0(M, End B)⊕A0,1(M, End B)
allows one to define a quaternionic structure on the space A1(M, End B).
Together with the natural trace metric, this structure makes the space A an
(infinite-dimesional) hyperka¨hler manifold.
The complex gauge group G = Maps(M,AutB) acts on the space A.
This action is compatible with the hyperka¨hler structure on A. Therefore
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one can apply to the space A the machinery of hyperka¨hler reduction
(see [HKLR]). It turns out that the complex moment map A → C is equal
to the map YM : A → Γ(M, End B), ∇ 7→ Λ∇2. Vanishing of this map is
precisely the NHYM condition.
Let A0 = YM−1(0) ⊂ A be the subset of connections with Λ∇2 = 0. By
the general principles of hyperka¨hler reduction the quotient A0/G should be
hyperka¨hler. The NHYM moduli spaceMs is the closed subsetMs ⊂ A0/G
of equivalence classes of connections with curvature R = ∇2 which satisfy
ΛR = 0 and are, in addition, of Hodge type (1, 1). We expect that the
embedding Ms →֒ A0/G is compatible with the hyperka¨hler structure on
A0/ G and gives a hyperka¨hler structure on Ms by restriction.
8.1.3
The hyperka¨hler reduction construction of the NHYM moduli space also
allows to formulate an analog of the Uhlenbeck-Yau Theorem for NHYM-
bundles. We first give a new definition of stability for NHYM bundles, more
natural than the (0, 1)-stability used in the body of the paper.
Let M be the complex-conjugate complex manifold to M . Since M and
M are the same as smooth manifolds, the bundle B can be also considered as
a complex vector bundle on M . For every connection ∇ on B the (1, 0)-part
∇1,0 defines a holomorphic structure on the complex bundle B on M .
Definition 8.2 Let 〈B,∇〉 be a bundle with a (1, 1)-connection over a com-
plex manifold X. Let U ⊂ X be a Zariski open subset in X, and let F ⊂ B|
U
be a subbundle which is preserved by ∇. Then F is called a subsheaf of
〈B,∇〉 if the following two conditions hold:
(i) Consider B as a holomorphic bundle over M , with a holomorphic struc-
ture defined by the (0, 1)-part of the connection. Then there exist
a coherent subsheaf F˜ ⊂ B on M such that the restriction F˜ |
U
is a
sub-bundle of B which coinsides with F .
(ii) Consider B as a holomorphic bundle over M , with a holomorphic struc-
ture defined by the (1, 0)-part of the connection. Then there exist
a coherent subsheaf F˜ ⊂ B on M such that the restriction F˜ |
U
is a
sub-bundle of B which coinsides with F .
For a subsheaf F ⊂ B, it is straightforward to define the Chern classes
and the degree. As usually, F is called destabilizing if
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degF
rankF ≥
degB
rankB
Definition 8.3 Let 〈B,∇〉 be a bundle with (1, 1)-connection over a com-
pact Ka¨hler manifold M . Then 〈B,∇〉 is called ∇-stable if there are no
destabilizing subsheaves F ⊂ 〈B,∇〉.
This definition generalizes the definition [Sim3] of stability for flat bun-
dles.
Remark 8.4 Clearly, for NHYM bundles, (0, 1)-stability implies the stabil-
ity in the sense of Definition 8.3
An analogy with the Kempf-Ness Theorem suggests that every stable G-
orbit in A0 has non-trivial intersection with the zero set of the real moment
map A0 → Γ(M, EndR B) from A0 to the space of anti-Hermitian endomor-
phisms of the bundle B. This moment map can be described more explicitly.
Definition 8.5 (pseudocurvature) Let 〈B,∇〉 be a bundle with (1, 1)-
connection and a Hermitian metric h, not necessary compatible. Let ∇ =
∇′ + ∇′′ be the decomposition of ∇ onto (1, 0) and (0, 1)-parts. Consider
the connection in B∗ associated with ∇. Since h identifies B and B∗, this
gives another connection in B, denoted by ∇h. The average ∇h = ∇+∇h2
is again a connection, and is compatible with h. Let θ be the difference
θ := ∇−∇h2 , which is a tensor. Applying ∇h to θ, we obtain a 2-form Ξ with
coefficients in End(B). This form Ξ is called the pseudocurvature of the
triple 〈B,∇, h〉.
It turns out that the real moment map on a NHYM connection ∇ is
given by
∇ 7→ Λ(Ξ),
where Ξ is the pseudocurvature.
Definition 8.6 Let 〈B,∇〉 be a bundle with a NHYM (1, 1)-connection,
and let h be an Hermitian metric on B, not necessarily compatible with ∇
Then h is called harmonic if ΛΞ = 0, where Ξ is the pseudocurvature of
〈B,∇, h〉.
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Conjecture 8.7 Let 〈B,∇〉 be a bundle with NHYM connection ∇. Then
there exists a harmonic metric h on B if and only if B is a direct sum of
∇-stable bundles. Also, if B itself is ∇-stable, then h is unique, up to a
constant factor.
An analogous statement is known for flat connections. See [Sim3] for a
discussion.
8.2 Ka¨hler base manifold: open questions.
In this subsection, we relate questions pertaining to the case of base manifold
M compact and Ka¨hler, but not necessarily hyperka¨hler.
Question 8.8 Let (B,∇) be a NHYM-connection in a bundle with zero
Chern classes. Is it true that ∇ is necessarily flat?
In Hermitian case, the answer is affirmative by Lu¨bcke [Lu¨] and Simpson
[Sim1]. In a neighbourhood of Hermitian Yang-Mills connection, all NHYM
connections on a bundle with zero Chern classes are also flat, at one can see,
e. g., from Proposition 2.26. The hyperka¨hler analogue of this question is
Question 8.11.
Let B be a stable holomorphic bundle over M and let St(B) be the
deformation space of stable holomorphic structures on B. In Section 2, we
defined a Kuranishi map φ : U →֒ H1(End(B)), where U is a neighbourhood
of [B] in St(B). The map φ is, locally, a closed embedding, and its image in
a neighbourhood of zero in H1(End(B)) is an algebraic subvariety, defined
by the zeroes of so-called Massey products. Let C be the Zariski closure
of the image φ(U) in H1(End(B)). Let NHYM(B) be the space of NHYM
connections inducing the same holomorphic structure. In (2.5), we construct
the map NHYM(B)
ρ−→ C, where C is a complex conjugate manifold to C,
and prove that in a neighbourhood of zero ρ is isomorphism.
Two questions arise:
Question 8.9 Is the map ρ surjective?
Question 8.10 Is the map ρ etale? Bijective?
These two questions might be reformulated in a purely algebraic way. Let
B be a stable holomorphic bundle equipped with a Hermitian Yang-Mills
metric, and X be the space of all (1, 0)-forms θ ∈ Λ1,0(End(B)) satisfying
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{
∂θ = θ ∧ θ
∂∗θ = 0,
(8.11)
where ∂ is the (1, 0)-part of the connection, and ∂∗ the adjoint operator.
The middle cohomology space of the complex
Λ2,0(End(B)) ∂∗−→ Λ1,0(End(B)) ∂∗−→ End(B)
is naturally isomorphic to the complex conjugate space to H1(End(B)). This
gives a map
X
ρ−→ H1(End(B)),
associating to θ its cohomology class. Then, Proposition 2.16 implies that
the image of ρ lies in C and locally in a neighbourhood of zero, ρ : X −→ C
is an isomorphism. Question 8.9 asks whether ρ is surjective onto C, and
Question 8.10 asks whether π is etale, or even invertible.
8.3 Autodual and NHYM connections over a hyperka¨hler
base.
8.3.1
The first and foremost question (partially answered in Theorem 3.11; see
also Question 8.8):
Question 8.11 Let (B,∇) be a NHYM bundle over a hyperka¨hler base
manifold. Is (B,∇) necessarily autodual?
8.3.2
Let M be a compact hyperka¨hler manifold, and let S be a connected com-
ponent of the moduli of autodual connections on a complex vector bundle B.
Assume that S contains a point B which is Hermitian autodual. Consider
the “Mukai dual” space M̂ , that is, the moduli space of Hermitian autodual
connections on B (Subsection 7.1). Assume that the connected component
of M̂ containing B is smooth and compact. Clearly, then, all connections
from S are fiberwise stable, in the sense of Definition 7.1. Thus, Theorem
7.2 gives an isomorphism between S and the space Sec(M̂ ) of twistor lines
in Tw(M̂).
In such situation, we are going to give a conjectural description of the
space S, assuming that the answer to 8.9—8.10 is affirmative.
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8.3.3
Definition 8.12 (Twisted cotangent bundle) LetM be a Ka¨hler man-
ifold, Ω1M its holomorphic cotangent bundle. The Ka¨hler class
ω ∈ H1(Ω1M) = Ext1(O(M),Ω1M)
gives by Yoneda an exact sequence
0 −→ Ω1M −→ E e−→ O(M) −→ 0,
where O(M) is the trivial one-dimensional bundle. Let ν be a non-zero
section of O(M), and Eν be the set of all vectors{
v ∈ E|
m
∣∣∣∣∣ e(v) = ν|m
}
where m runs through all points ofM . Consider Eν as a submanifold in the
total space of E. Then Eν is called a twisted cotangent bundle of M ,
denoted by ΩωM .
The space ΩωM has a natural action of Ω
1M considered as a group
scheme over M , and as such is a torsor over Ω1M
8.3.4
The affirmative answer to the stronger form of 8.10 would give the proof of
the following conjecture.
Conjecture 8.13 Under assumptions of 8.3.2, there exists a natural iso-
morphism of complex manifolds
Sec(M̂ ) ∼= ΩωM,
where ΩωM is the twisted cotangent bundle.
In the general situation, there is a natural map from the space of twistor
lines Sec(M) of a compact hyperka¨hler manifold to ΩωM . However, in
general there are no approaches to the proof of surjectivity.
Example 8.14 Let M be a compact complex torus, dimCM = 2n, and
B a trivial line bundle. Clearly, M is hyperka¨hler. Then M̂ is the dual
torus, and S is the space of local systems on M , which is isomorphic to
(C∗)2n. The space C of 8.10 is isomorphic to H1(OM), and the answer to
8.10 is obviously affirmative. Thus, Sec(M) and ΩωM are also isomorphic
to (C∗)2n and are Stein.
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In the following subsection, we shall see that this is indeed a general phe-
nomenon – the space of twistor lines is equipped with a canonical plurisub-
harmonic function and is likely to be Stein. However, we don’t know a
general argument constructing plurisubharmonic functions on the twisted
cotangent bundle – this is one more mystery.
8.4 Plurisubharmonic functions on moduli spaces.
LetM be a hyperka¨hler manifold Tw
pi−→ CP 1 its twistor space, and Sec(M)
the space of sections s : CP 1 −→ Tw of the map π, also called twistor lines
(Section 4). It is easy to equip Sec(M) with a natural plurisubharmonic
function.
Recall that Tw is isomorphic as a C∞-manifold to M × CP 1. This
decomposition gives a natural (non-Ka¨hler) Hermitian metric on Tw.
Proposition 8.15 Consider the function v : Sec(M) −→ R+ which maps
a line s ∈ Tw to its Hermitian volume, taken with respect to the Hermitian
metric on Tw. Then v is strictly plurisubharmonic.
Proof. Let ω be the differential 2-form which is the symplectic part of the
Hermitian metric on Tw. Since the twistor lines are complex subvarieties
in Tw, v(s) =
∫
s ω for all twistor lines s. Then, for all bivectors x, x¯ in
TsSec(M), we have
∂∂¯v(x, x¯) =
∫
s
∂∂¯ω(x, x¯), (8.12)
where x, x¯ are the sections of T Tw |
s
corresponding to x, x¯. Then, to prove
that v is plurisubharmonic it suffices to show that ∂∂¯ω(x, x¯) is positive.
From Lemma 4.4, it is easy to see that ∂∂¯ω = ω ∧ π∗ FS(CP 1), where
FS(CP 1) is the Fubini-Study form on CP 1. Clearly, then, ∂∂¯ω(x, x¯) is
positive, and v is plurisubharmonic. This proves Proposition 8.15.
One of the most intriguing questions of hyperka¨hler geometry is to learn
whether the function v is exhausting.
In notation and assumptions of 8.13, consider the space Sec(M̂ ) which
is isomorphic to the space S of autodual connections. There is the canonical
Weil-Petersson metric on S, coming from results of Subsection 8.1. This
metric is hyperka¨hler. This metric is given by a potential, which is equal to
the integral of the square of the absolute value of the curvature.
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Question 8.16 Is the Weil–Petersson metric related to the metric given by
v?
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